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We discuss complementarity relations in a bipartite continuous variable system. Building up
from the work done on discrete d-dimensional systems, we prove that for symmetric two-mode
states, quantum complementarity relations can be put in a simple relation with the elements of
the variance matrix. When this condition is not satisfied, such a connection becomes non-trivial.
Our investigation is the first step towards an operative characterization of the complementarity in
a scenario that has not been investigated so far.
PACS numbers: 03.67.Mn, 03.67.-a, 03.65.Ta
I. COMPLEMENTARITY
Bohr’s principle of complementarity [1] is a cornerstone
of the modern understanding of the physical world at the
quantum level. It states that a quantum system may
exhibit equally real yet mutually exclusive properties–it
requires seperate experiments to examine different fea-
tures of a system. Certain properties cannot be measured
simultaneously even though both measurements are in-
dividually possible and are in fact necessary for a full
description of the object. This principle forms the foun-
dation of the Copenhagen interpretation of quantum me-
chanics and states that a quantum object, such as an
electron, does not have an objective reality; instead all
descriptions of properties of such an object must be given
in terms of experiments made on the object. We do not
‘reveal’ the value of properties in experiments but rather
assign them by the act of measurement.
The original orthodox complementarity principle of
Bohr states that wave and particle attributes may not
be simultaneously displayed by a quantum system. This
stringent stipulation was later relaxed to permit the ob-
servation of complementary observables within the same
experimental set up, although retaining a restriction on
the degree to which each could be observed in the same
experiment. Wooters and Zurek [2] were the first to
consider an interferometric setting where particle-like
welcher weg information was obtained whilst preserving
the wave-like interference pattern, although an increase
in the precision with which one of the two behaviors is
observed results in a corresponding decrease in the preci-
sion of the other. A similar observation concerning neu-
tron interferometry was made by Greenberger and Yasin
a decade later [3]. A quantative theoretical basis for this
effect has been given independently by Jaeger et al [4]
and Englert [5].
More recently, Jakob and Bergou [6] derived a gen-
eralised complementarity relation for pure bipartite sys-
tems of two qubits involving local properties (that de-
scribe the single-partite nature of the system) and a mea-
sure of the non-local properties that describe its bipartite
nature. A proposal for a quantum-non-demolition test of
bipartite complementarity relations has been put forward
in Ref. [7]. Here, we study bipartite complementarity in a
continuous variable (CV) system by taking the infinite-
dimensional limit of the relation designed in [8] for d-
level systems. Our aims are firm on a pragmatic ground:
we are interested in verifying quantum complementarity
between single-partite and multi-partite properties of a
two-mode CV system and in identifying a clear connec-
tion with experimentally-accessible quantities character-
izing the state at hand. We achieve this result by using
the powerful tool of variance-matrix formalism of two-
mode Gaussian states [9]. This class encompasses CV
states whose characteristic function is Gaussian in the
phase space and includes many relevant experimentally
available CV states. We show that for two-mode states
with specific chracteristics of symmetry, any entry in the
bipartite complementarity relation can be expressed in
terms of the elements of the variance matrix of the sys-
tem and, as such, can be fully experimentally determined
by means of homodyne measurements, for instance [10].
This paper is organized as follows. In Sec. II we briefly
discuss the details of bipartite complementarity relations
and their extension to d-level systems. This serves as
a basis for the discussion in Sec. III, where we quantita-
tively address the case of pure bipartite CV systems, after
a concise introduction to the formal tools used through-
out our investigation. We also discuss the possibility of
extending our findings to non-symmetrical cases. Finally,
in Sec. IV we summarize our results.
II. BIPARTITE COMPLEMENTARITY
RELATION
In order to fix the ideas and pave the way to our anal-
ysis, we first briefly discuss the work in Ref. [6], where
a three-term complementarity relation for pure bipartite
qubit systems has been introduced, involving local and
non-local properties of a system.
We consider a general, pure state of two qubits (in-
dicated as a and b): |ψ〉ab = a0 |00〉ab + a1 |01〉ab +
a2 |10〉ab + a3 |11〉ab (assumed to be normalized, so that
2∑3
i=0 |ai|2 = 1), where {|0〉i , |1〉i} stand for the two
states of a qubit i = a, b. We then introduce the visi-
bility relative to qubit i
Vi = 2| 〈ψ| σˆi+ |ψ〉 | with σˆi+ =
(
0 1
0 0
)
, (1)
the corresponding predictability
Pi = | 〈ψ| σˆiz |ψ〉 | with σˆiz =
(
1 0
0 −1
)
(2)
and, finally, we consider the pure-state form of concur-
rence [12]
C = | 〈ψ∗| (σˆay ⊗ σˆby) |ψ〉 | ≡
√
2(1− Tri[(̺i)2]) (3)
with σˆiy = i(σˆ
i†
+ − σˆi+), |ψ∗〉 = a∗0 |00〉ab + a∗1 |01〉ab +
a∗2 |10〉ab+ a∗3 |11〉ab and ̺i = Tri′ 6=i |ψ〉ab〈ψ| (i, i′ = a, b).
The first two quantities give a measure of single-particle
behavior in that they account for single-particle coher-
ence and welcher-weg information (i.e. single-particle
relative population), respectively. On the other hand,
concurrence accounts for genuine bipartite properties
of the state under scrutiny. With these definitions, a
three-entry complementarity relation can be formulated
as [6, 7]
(V2i + P2i ) + C2 = 1 (4)
Visibility and predictability in Eq. (4) have been grouped
together in order to highlight their inter-convertibility
under local unitary transformation and the fact that they
account for genuine single-partite character.
With this understanding, it is appropriate to think
about a collective single-particle quantity, defined as
S2i = V2i + P2i , which is globally invariant under local
unitary operations. We may then express the comple-
mentarity relation as a more traditional “duality” for-
mula
C2 + S2i = 1. (5)
It is worth stressing, on the other hand, that a group-
ing process putting together concurrence and predictabil-
ity, so as to form a new entity called distinguishability,
allows us to put bipartite complementarity relations of
the form reported here in correspondence with Englert’s
complemetarity relation [5], which is only apparently a
single-partite relation [13].
Key to the aims of our work is the observation that
Eq. (4) can be straightforwardly extended to pure states
of bipartite d-dimensional systems (d ∈ Z is assumed
to be the same for both the subsystems). Hioe and
Eberly [14] suggested how to write the components of
a d-dimensional state’s Bloch vector as the expectation
values of a complete set of observables {uˆ}, {vˆ} and {wˆ}
defined, for subsystem i, as
uˆijk = |k〉i〈j|+ |j〉i〈k|,
vˆijk = i(|k〉i〈j| − |j〉i〈k|),
wˆil =
√
2/l(l+ 1)[
l∑
j=1
(|j〉i〈j| − |l + 1〉i〈l + 1|)].
(6)
where the indices are constrained by 1 ≤ j < k ≤ d, 1 ≤
l ≤ d−1. With this formalism and by using the length of
the Bloch vector as a measure of the information content
of the system, it is possible to express the key quantities
of a dual complementarity relation [8].
Specifically, the visibility is written in terms of uˆjk’s
and vˆjk’s, which are associated with state correlations,
as
V2i =
∑
j,k;j<k
(|〈uˆijk〉|2 + |〈vˆijk〉|2) = 2
∑
j,k;j 6=k
|̺ijk|2, (7)
where ̺ijk = i〈j| ̺i |k〉i. The predictibility is linked to the
operators which account for population statistics, namely
the wˆil , as
P2i =
d−1∑
l=1
|〈wˆil〉|2 = 2[
n∑
j=1
(̺ijj)
2 − 1
d
] (8)
Thus the single-partite nature of the system is given by
S2i = P2i + V2i = 2 Tr[(̺i)2]− 2d .
This last quantity is top-bounded by 2(d−1)d (due to
Tr[(̺i)2] ≤ 1). A term accounting for the non-local as-
pects of the quantum system should be included. This
can be done by taking the natural generalization of the
spin-flip operation involved in the definition of concur-
rence, as given in Eq. (3). Such a tool is provided by
the universal-inverter operator and the associated gener-
alization of our entanglement measure is given by the
I-concurrence introduced in [15] and defined as C2I =
2− 2Tr[(̺i)2]. We finally get [8]
P2i + V2i + C2I ≤
2(d− 1)
d
. (9)
This complementarity relation for finite d-dimensional
subsystem is the starting point of our study, as described
in the next Section.
III. COMPLEMENTARITY RELATION FOR
FULLY SYMMETRIC CV SYSTEMS
Our study is restricted to two-mode Gaussian states of
CV systems, which are efficiently described in terms of
the associated variance matrix (VM). For completeness,
we now provide the tools used in our investigation and
then assess the connection between VM and complemen-
tarity.
3A. Introduction to CV formalism
Let two CV systems be described by the respec-
tive phase-space quadrature operators xˆi and pˆi (with
[xˆi, pˆi] = i) and let us assume they are prepared in a
Gaussian state. We can build up the VM V of ele-
ments [16, 17]
Vjk = 〈{qˆj , qˆk}〉 − 2〈qˆj〉〈qˆk〉 (i, j = 1, .., 4), (10)
where qˆ = (xˆa, pˆa, xˆb, pˆb). The Wigner function of a
Gaussian state, and thus the corresponding state, is com-
pletely determined by the assignment of V [9], which
therefore contains full information on the local and joint
properties of a multi-mode system. For the bipartite case,
a VM can always be written as
V =
(
A C
CT B
)
, (11)
where A and B are 2 × 2 matrices accounting for the
local properties of systems a and b, respectively, while
C characterizes any inter-system correlations. The set
of operations that preserve the Gaussian nature of a
state in the phase-space representation are the symplec-
tic operations—analogous to unitary operators acting on
the Hilbert space. A symplectic transformation, S, is one
such that STΩS = Ω, with Ω =
⊕b
j=a iσˆ
j
y the so-called
symplectic matrix. The set of all joint symplectic opera-
tions on a two-mode state is labelled Sp(4,R) while local
symplectics are represented by Sp(2,R)⊕2.
The positive-semidefiniteness of density matrices is
translated, in the VM formalism, into the Heisenberg-
Robertson condition
V + iΩ ≥ 0. (12)
It should be clear that the key advantage of the VM for-
malism is the finiteness of V, despite the infinite dimen-
sion of the Hilbert spaces of the modes under investiga-
tion. Any property (such as purity and entanglement) of
the state can be expressed by relying on the elements of
the associated VM, which is characterized by important
properties of invariance with respect to symplectic opera-
tions. For instance, it is easy to recognize the symplectic
invariance of detV and ∆ = detA+detB+ 2 detC [16].
This is particularly relevant as convenient formulae for
entanglement measures such as negativity [18] can be
given in terms of symplectic eigenvalues. These, which
are formally defined as othogonal eigenvalues of iΩV,
are explicitly given by ν± = 1√2
√
∆±√∆2 − 4 det(V).
In terms of symplectic eigenvalues, the separability cri-
terion based on positivity of partial transposition [19] is
rephrased as |ν˜′| ≥ 1, where ν˜′ is the smallest symplectic
eigenvalue of iΩ(1 ⊕ σz)V (1 ⊕ σz) [16].
B. VM-formulation of bipartite complementarity
relation
We now focus on the central aim of our study, i.e.
the formulation of an operative connection between the
VM entries and the bipartite complementarity relation.
Starting from Eq. (9), we will consider a truncated pure
two-mode CV state and explicitly construct the corre-
sponding VM for any dimension of the associated Hilbert
space. Such state should respect the d-dimensional bi-
partite complementarity relation of Eq. (9). The tran-
sition to the infinite-dimensional case will be performed
by smoothly considering the limit d→∞.
As the prototype of our state and being motivated by
reasons of practicality of its generation, we consider a
truncated state
|ψ(t)〉ab = N (ξ)
t∑
n=0
ξn|n, n〉ab (13)
where |n〉i is an n-photon Fock state of mode i = a, b
and the shorthand N (ξ) =
√
1−ξ2
1−ξ2t+2 with ξ = tanh r
has been used. In Eq. (13), t is a cut-off parame-
ter that top-bounds the dimension of the Hilbert space
of modes a and b. The local and nonlocal properties
of |ψ(t)〉ab depend on r and, in general, on the cut-
off parameter. For an infinite cut-off, |ψ(∞)〉ab be-
comes the standard two-mode squeezed vacuum state
|TMSS〉ab = (cosh r)−1
∑∞
n=0 ξ
n|n, n〉ab of squeezing pa-
rameter r, which thus provides an operative interpreta-
tion for the parameter r entering Eq. (13).
The evaluation of the components of the bipartite com-
plementarity relation requires the density matrix of sub-
system j
FIG. 1: Predictability for a truncated two-mode squeezed vac-
uum against the squeezing factor r and the cut-off value t.
4̺j = N 2(ξ)
t∑
n=0
ξ2n|n〉j〈n| (j = a, b) (14)
with ̺a = ̺b given the symmetry of the bipartite state.
Since such a reduced state is diagonal in the Fock-basis,
the coherences will be zero, which immediately sets the
visibility (7) equal to zero. On the other hand, the pre-
dictibility Eq. (8) is straightforwardly evaluated to be
P2j (ξ, t) = 2[N 4(ξ)
t∑
n=0
ξ4n − 1
t+ 1
]
= 2
[
N 4(ξ)1 − ξ
4t+4
1− ξ4 −
1
t+ 1
]
,
(15)
where the last term accounts for the (t+1)-dimensionality
of the Hilbert space of each mode.
The behavior of predictability is shown in Fig. 1 versus
the squeezing parameter r and the value of the cut-off.
While the trend against t is almost uniform and is quickly
stabilized to stationary values, P2j (ξ, t) is a rapidly de-
creasing function of r, starting from 2 for r = 0 and
becoming null soon after r ∼ 1.5, uniformly with re-
spect to t. Physically, this implies the disappearance
of welcher weg-like information associated with a bias
in the population of the Fock-states entering Eq. (13).
These considerations obviously apply to the standard
two-mode squeezed vacuum in the region of parame-
ters where |ψ(t)〉ab represents a good approximation of|TMSS〉ab. This occurs as illustrated in Fig. 2, where the
state fidelity [20]
FIG. 2: Fidelity between the truncated state |ψ(t)〉
ab
and a
two-mode squeezed state, plotted against squeezing r and cut-
off t. For a set value of squeezing, it is enough to increase t
in order to achieve perfect state fidelity.
| 〈ψ(t)|TMSS〉|2 =
(
N
cosh r
t∑
n=0
ξ2n
)2
=
1
N 2 cosh2 r
(16)
shows that, as intuitively expected, an increase in r re-
quires a larger cut-off in order to gain sufficient close-
ness of the two states. In a wide area where the state
fidelity is, for all practical purposes, equal to 1, we
have that P2j (ξ, t) ≃ 0. As the single-partite manifes-
tations of |ψ(t)〉ab are all ascribed to the predictability,
we now want to connect this result to the expected gain
of strength in the bipartite character of the state at hand.
To this end, we refer to the I-concurrence, which is found
to give
C2I (ξ, t) = 2
(
1−N 4(ξ)1 − ξ
4t+4
1− ξ4
)
(17)
and is plotted in Fig. 3. Here the I-concurrence is
asymptotically bounded by 2 as r and t grow, in agree-
ment with the bound expected for an infinite-dimensional
systems. This occurs quickly in r and persists in those
regions of the relevant parameters where the state fidelity
is non-ideal. In particular, by inspection of Eqs. (8) and
(17), we get that, for any value of r 6= 0, the bound is
P2j (ξ, t) + C2I (ξ, t) =
2t
t+ 1
−→
t→∞
2. (18)
From Fig. 2, we know that at a fixed r it is enough to take
a sufficiently large value of the cut-off t in order to have an
ideal state fidelity. This implies that genuine two-mode
squeezed vacuum states of finite squeezing saturate the
bound imposed on a bipartite complementarity relation.
Having examined in detail the form that each entry
in Eq. (9) has, we now turn to the properties of the
VM associated with |ψ(t)〉ab. Regardless of the value
FIG. 3: I-concurrence for a truncated two-mode squeezed
state against the squeezing factor r and the cut-off value t.
5of t, it is immediately recognizable that the expecta-
tion values of single-quadrature operators of Eq. (13)
are identically zero, which simplifies the VM elements
to Vij = 〈{qˆj , qˆk}〉. It is matter of straightforward calcu-
lations to show that
Vψ =


V11 0 V13 0
0 V11 0 −V13
V13 0 V11 0
0 −V13 0 V11

 (19)
with the elements being explicitly given by
V11 = N 2(ξ)
t∑
n=0
ξ2n(2n+ 1) = N 2(ξ)∂ξ
(
ξ
N 2(ξ)
)
=
1 + ξ2 − (3 + 2t)ξ2t+2 + (1 + 2t)ξ2t+4
(1− ξ2)(1 − ξ2t+2) ,
V13 = 2N 2(ξ)
t−1∑
n=0
ξ2n+1(n+ 1)
= 2ξ
1− ξ2t(1− ξ2)− ξ2t[t+ (1 − t)ξ2]
(1 − ξ2)(1 − ξ2t+2) .
(20)
It can be proved that V11 > 1, ∀r, t. In the limit of t→∞,
V11 → cosh(2r) and V13 → sinh(2r) and we gain back the
VM of a proper two-mode squeezed vacuum state
VTMSS =
(
cosh(2r)1 sinh(2r)σz
sinh(2r)σz cosh(2r)1
)
(21)
However, it is important to stress that for a finite value
of t, |ψ(t)〉ab is not a Gaussian state. As a consequence,
FIG. 4: Discrepancy between V13 (dotted line) as determined
by the second of Eqs. (20) and the value
p
V 211 − 1 (solid
line) determined by imposing perfect purity of an infinite-
dimensional Gaussian state. The horizontal axis show ξ =
tanh r ∈ [0, 1] for r ∈ [0,∞). From panel (a) to (d), t goes
from 5 to 20 with incremental steps of 5.
this prevents the use of relations connecting the value
of V13 to that of V11 as based, for instance, on purity
considerations [16]. In fact, would Eq. (19) have been
the VM of a pure Gaussian state, the purity of the state
could have been written as
1√
detVψ
=
1
V 211 − V 213
= 1, (22)
thus setting V13 =
√
V 211 − 1. Such a condition holds
only approximately for small r and requires large values
of t in order to be accurate up to ξ ≃ 1, as it is illustrated
in Fig. 4. Clearly, for t → ∞ we recover the Gaussian
case and the validity of the constraint imposed by purity
considerations holds rigorously.
Nevertheless, a particularly simple relation between
the only two non-zero entries of the VM at hand is found
to be
ξ =
V11 − 1
V13
, (23)
as it is easy to verify using Eqs. (20). This allows us
to explicitly connect both the predictability and the I-
concurrence for |ψ(t)〉ab to the elements of the VM cor-
responding to the state. Indeed,
N 4(ξ)1 − ξ
4t+4
1− ξ4 ≃
V 213 − (V11 − 1)2
V 213 + (V11 − 1)2
, (24)
which is valid for t≫ 1 [21].
Eq. (24) can now be replaced in the expressions for
predictability and I-concurrence, Eqs. (15) and (17), so
as to relate the bipartite complementarity relation to the
elements of the VM of a fully-symmetric state having a
finite degree of squeezing. It is interesting to look at
the limit t → ∞, so that the purity-based constraint
V 213 = V
2
11 − 1 can be taken, leading to
C2I = 2
(
1− 1
V11
)
, (25)
in agreement with the fact that I-concurrence is propor-
tional to the linear entropy of entanglement [22]. There-
fore, we recognize that for a pure two-mode squeezed
state, bipartite complementarity can be probed simply
by experimentally determining the variance of one of the
quadratures of its modes. This will immediately give us a
quantitative estimate of the balance between predictabil-
ity and entanglement in the state. The fact that the re-
lation of bipartite complementarity is fully determined,
in this case, by just one parameter should not come as
a surprise given that the VM of a pure bipartite state is
fully determined by V11.
The result above can be directly extended to other sit-
uations. In fact, any pure entangled two-mode state can
6be reduced, via single-mode squeezing and rotations, to
the structure that has been studied in this paper, where
visibility is made to disappear and complementarity is
entirely ascribed to the interplay between predictability
and entanglement. This can be seen as a manifestation of
the inter-convertibility of visibility and predictability, as
stated in Sec. II. In fact, the class of operations required
in order to get a VM of the form of Vψ comprises only
local operations, which can just “re-arrange” the distri-
bution of single-body properties of a state, rather than
the balance between single-partite and bipartite ones.
As an illustrative example, we can consider the case
of another experimentally relevant two-mode state gen-
erated by superimposing a single-mode squeezed state to
the vacuum at a 50 : 50 beam splitter [9]. The resulting
state can be written as [23]
|ξ〉ab =
1√
2π sinh r
∫
dαe−
1−ξ
2ξ α
2 |α/
√
2, α/
√
2〉ab (26)
with α ∈ R. Differently from the case of a TMSS treated
above, the reduced density matrix of one of the modes is
non-diagonal in the Fock-basis. Indeed, we have that
̺j =
1
2π sinh r
∞∑
n,m=0
Inm
2
n+m
2
√
n!m!
|n〉j〈m| (27)
with Inm =
∫
dβe−
1+ξ
2ξ (β
2)βmΣn(β) and the formula [24]
Σn(β)=
∫
dαe−
1+ξ
2ξ α
2+αβαn=
4ξ3/2
√
2π
2n(1 + ξ)3/2
∂n−1qn−1qe
2ξq2
2(1+ξ) .
(28)
where q = β/2. Numerically, it can be checked that, in
general, ̺jnm 6= 0, thus indicating a non-zero visibility
associated with the state. However, its numerical nature
makes the connection between bipartite complementarity
and VM elements rather impractical. However, one can
resort to the inter-convertibility of single-partite proper-
ties. More specifically, the VM associated with |ξ〉ab is
easily found to be
Vξ =


er cosh r 0 er sinh r 0
0 e−r cosh r 0 −e−r sinh r
er sinh r 0 er cosh r 0
0 −e−r sinh r 0 e−r cosh r


(29)
which reveals a clear asymmetry between the xˆ and qˆ
quadrature of each mode. It is simple to recognize that
local anti-squeezing represented by the symplectic oper-
ation e−
r
2σz ⊕ e− r2σz puts Vξ into a form corresponding
to a TMSS of squeezing parameter r/2, which can then
be treated following precisely the same approach as de-
scribed above.
IV. CONCLUSIONS
We have discussed the relation between the VM of a
bipartite CV state and a complementarity relation that
contrasts local and non-local properties. We have re-
vealed that symmetry in the VM allows the formulation
of a simple connection between quadrature variances and
predictability/entanglement. The pragmatic relevance
of such a connection should be rather clear. The sim-
plicity of our findings make the assessment of the local-
against-global properties of a state experimentally fea-
sible by means of homodyne detection, as suggested in
Refs. [10, 25]. This investigation may prompt an experi-
mental test of complementarity in CV systems.
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